A Bianchi IX Mixmaster spacetime is the most general spatially homogeneous solution of Einstein's equations and it can represent the space-averaged Universe. We introduce two novel mechanisms resulting in a Mixmaster Universe with non-singular bounces which are quasi-isotropic. A fluid with a non-linear equation of state allows non-singular bounces. Using negative anisotropic stresses successfully isotropises this Universe and mitigates the well known Mixmaster chaotic behaviour. Thus the Universe can be an eternal Mixmaster, going through an infinite series of different cycles separated by bounces, with a sizable fraction of cycles isotropic enough to be well approximated by a standard Friedmann-Lemaître-Robertson-Walker model from the radiation era onward.
a. Introduction Cosmological parameter extraction from Planck [31] [32] [33] and other studies [34] place tight constraints on the anisotropy of the current day Universe -(σ S /H) 0 ∼ 10 −11 . A main problem of classical cosmology is that a Big Bang singularity is quite ubiquitous [7, 20, 21] . Inflation through exponential expansion is able to propose a mechanism of diluting out any initial anisotropy, homogeneity and curvature. However there remain shortcomings with this paradigm. For example this scenario is past incomplete and can be extrapolated backwards, unable to escape a Big Bang. The energy scale of inflation is also high enough for a complete theory of quantum gravity to be required [26] . All cosmologically interesting fluctuation modes may have originated from a trans-Planckian zone of ignorance -the physics of which would significantly impact the predicted spectrum of cosmological perturbations [28] .
The scenario proposed in this paper does away with this problem by producing an alternate 'beginning' story to the observable Universe -a successful bounce which does away with the issue of the Big Bang singularity and the trans-Planckian problem [12] , followed by a quasiisotropic expansion.
We assume General Relativity and a matter source with a non-linear equation of state given by [1, 2] ,
Here ρ C is the characteristic energy scale of the problem where the effect of the non-linearities in the equation of state becomes relevant. In this paper we assume the parameter = −1. It is also worth noting at this point that for a perfect fluid case, there exists a cosmological constant given by ρ Λ = (α + 1)ρ C . Choosing α = 1/3 to correspond to the radiation case, we have a maximum value 4ρ C /3 for the value of the energy density ρ. [1, 2] . We consider α = 1/3 in (1), which corresponds to the equation of state of radiation at low enough energies, when the quadratic term is negligible. In this scenario as long as ρ C is below the Planck energy scale the Universe undergoes a bounce at energies where one can use classical General Relativity to describe the physics of cosmological fluctuations, and it resembles a radiation dominated universe at lower energies. Other components such as standard matter can be introduced, but here we restrict the analysis to the bare-bones of the scenario, to make it simpler. The next question addressed in this work is that of growing anisotropies in the contracting phase of a bouncing cosmology. We introduce a novel isotropisation mechanism using negative anisotropic pressures. This has been studied in expanding universes in [29] . These successfully mitigate the growth of expansion anisotropy, as well as the chaotic behaviour that is ubiquitous in spatially homogeneous spacetimes with anisotropic 3-curvature. This is an improvement from the use of the unphysical linear equation of state p ρ that has been used in the literature so far [14, 27] .
We ultimately conclude that an anisotropic closed universe containing anisotropy in its expansion as well as in its 3-curvature is able to undergo contraction, bounce and re-expansion when sourced with the nonlinear equation of state fluid (1) . The inclusion of negative anisotropic stress is an effective method of isotropisation and causes the reduction of the chaotic behaviour usually observed in this cosmological system. b. The Bianchi IX universe To understand the behaviour of the most general kind of anisotropies -both in expansion as well as in the 3 curvature, we turn to the Bianchi IX Universe. This is the most general anisotropic, spatially homogeneous solution of Einstein's equations. When this Universe approaches a singularity, the anisotropic 3-curvature drives the scale factors to undergo infinite chaotic oscillations over a finite time arXiv:1902.06356v1 [gr-qc] 18 Feb 2019 interval [9, 13, 16, 25] . This chaotic behaviour for the Bianchi IX Universe is actually an attractor in initial condition space. This solution is called the Mixmaster attractor [30] . Another reason that this particular model is interesting is because it contains as its isotropic subcase, the closed Friedmann Universe. Universes having positive spatial curvature have always been of particular interest as cycling solutions have been found in the isotropic case sourced by a linear equation of state fluid [5] and by our present quadratic equation of state [2] . In the Bianchi IX model the sign of the 3-curvature can change. Only when the Universe is closest to isotropy, is the sign of the 3-curvature positive. Sufficient isotropisation must therefore take place before the Universe can re-expand after collapse. Attempts at isotropising the Bianchi IX cosmology and mitigating the chaotic behaviour have mostly been focussed on introducing stiff (p = ρ) [8] or super-stiff (p ρ) [14, 27] . Adding a super stiff fluid does not always seem to work as the existence of super stiff anisotropic pressures causes a faster growth of the energy density in the shear anisotropies [3] . We study the effects of the non-linear equation of state (1) and the negative anisotropic pressures by numerically integrating the Einstein's field equations and the conservation equation for the energy momentum tensor T ab in this spacetime.
In general, the metric for a homogeneous spacetime is given by
Here ω α are the one forms for the triad basis in which the spacetime is defined. They are general functions of the spatial coordinates. The γ αβ is the metric in this triad and are functions of time only as the spacetime is homogeneous. For our purposes, the metric in the triad frame is explicitly given by
2 ) where a(t), b(t) and c(t) will be taken to be the scale factors of the universe in the three spatial directions. The isotropic Friedmann Lemaître Robertson Walker subcase is given by a = b = c.
We can write the equations of motion for this system in the triad basis in terms of γ αβ and κ αβ = ∂ ∂t γ αβ [25] . The components of the Ricci tensor in this notation is given by,
where P αβ is the Ricci curvature computed using the 3-metric in the triad frame γ αβ . This is given by,
where C αβ = DiagonalMatrix [1, 1, 1] are the structure constants of the corresponding isometry group of the space in question. The Bianchi IX universe with matter has been found to undergo rotation of the triad frame axes themselves. The triad frame itself is part of the dynamics and the rotation can be parametrised in terms of the Euler angles θ, φ and ψ. For our present purposes however, we are not interested in matter that exhibits non-comoving velocities or vorticities ( this case has been studied in [19] ). Thus the stress-energy tensor T µ ν is diagonal. This means that the R 0a components of the Ricci tensor are zero. It has been shown [7] that this means that the Euler angles θ, φ and ψ are zero and frame rotation can be disregarded in this case.
We also introduce the following variable redefinitions
These variable definitions are useful: 3H is the overall expansion of the volume of the universe and x and y are directly related to the shear σ (made of the logarithmic derivatives of a, b and c) and allow us to track the growth of anisotropy. We choose a fluid velocity u a = (1, 0, 0, 0) and consider a diagonal stress energy tensor given by T a b = DiagonalMatrix[ρ, −p, −p, −p], where p is given by (1) . As the solutions are subject to the Friedmann constraint, which in the Bianchi IX Universe is given bẏ
Initial conditions satisfying the Friedmann constraint are chosen. To make sure that the constraint is obeyed at all times, the numerical solution is projected onto a manifold with one less dimension to accommodate the constraint. c. Characteristic scale of the problem The non-linear equation of state (1) is characterised by ρ C which is the energy scale at which the non-linearities become important. In terms of this scaling, the other quantities in the problem can be scaled as,
Rewriting the equations of motion in units of the energy scale, we find that the scale ρ C appears as a multiplicative constant to the non-derivative terms. For the purposes of this computation, we set ρ C = 1. We will study the amplification caused by the expanding phase of each cycle in units of ρ C in a later section. 
d.
Results from introducing only the non linear fluid The results of the numerical integration in Fig. 1 reveal that the individual scale factors undergo several oscillations as expected and the volume scale factor undergoes bounces of equal height. This behaviour is reminiscent of the analysis done by [37] for linear equations of state. The Hubble rates undergo small oscillations around zero when the universe is at its maximum. The shear and the 3-curvature shoot up at the minima but remain small when the universe is at its maximum size. The energy density in the anisotropies σ 2 is diluted by expansion and is the smallest at the expansion maxima and show peaks near the minima. However we see from the Fig. 2 that these peaks increase in height as time progresses. This implies that although the non linear equation of state (1) is successful in creating a non singular bounce, it is not as successful in isotropising the universe in contrast with the flat Bianchi I case studied in [11] . This bouncing Universe cannot conform to the stringent observational constraints on isotropy.
e. Ekpyrosis and the effect of positive anisotropic stress Before we discuss the effect of negative anisotropic stress on the anisotropic Bianchi IX universe, let us review the currently widely used mechanism of isotropisation. Consider a flat anisotropic universe, the Bianchi I universe. In (2), the one forms ω a are just the differentials dx i of the spatial coordinates. The evolution equation for the shear tensor in this Bianchi I Universe in the presence of anisotropic stress becomes,σ
where π αβ is the anisotropic stress. In the first instance let us consider the case with no anisotropic stress(π αβ = 0). The anisotropy energy density given by σ 2 ∼ σ αβ σ αβ grows as (Volume) −2 . The solution proposed by ekpyrosis [22, 23, 35] is to introduce a scalar field rolling down a steep negative exponential potential. The idea is that this field -also known as the ekpyrotic field-will have an effective equation of state that is super-stiff i. e. p ρ where p and ρ are the effective pressure and energy density of the scalar field respectively. This effective super-stiff fluid will evolve much faster than (Volume) −2 in a universe with contracting volume and so will be able to dominate over the anisotropy, and inhomogeneity in the contracting phase of a bouncing universe. This will lead to an isotropic, smooth bounce. In the expanding phase, the ekpyrotic field will redshift away quicker than matter or radiation for the same reason. The problem arises when anisotropic pressures are included which are themselves super-stiff. From (10) we can clearly see that such positive anisotropic pressures will act as a source for growing shear and hence any ekpyrotic field will always have to compete with these growing anisotropies. This has been studied in detail in [3] . Furthermore, a universe that is highly anisotropic and has non zero spatial curvaturelike the Bianchi IX universe -will not re-expand through a bounce after contraction as the anisotropies will dominate over the fields that drive the bounce [6] . In the specific case of the Bianchi IX universe this will signal the onset of chaotic behaviour.
f. Introduction of negative anisotropic stress as a mechanism of isotropisation In the previous paragraph we saw that a positive anisotropic stress causes the shear to increase faster than (Volume) −2 . By the same reasoning, a negative anisotropic stress should cause the shear to decrease. This has been seen in the context of shear viscosity in expanding anisotropic Universes in [24] . We investigate whether similar forms of negative anisotropic stress can be used as a novel isotropisation mechanism in the presence of both expansion as well as curvature anisotropies.
We choose the form of the anisotropic stress to be
κ is a dimensionless constant that we choose to be negative κ < 0. This form of the anisotropic stress is also useful as the effect of these stresses only become significant at sufficiently large energies near the bounce. The negative proportionality constant should lead to the reduction of the shear without having to take recourse to introducing a super stiff fluid. The stress energy tensor now becomes
The continuity equation from the conservation of the stress energy tensor then becomes modified by the addition of the anisotropic stress,
We now solve the Einstein field equations in the Bianchi IX universe with the inclusion of this anisotropic stress. We find that the bouncing behaviour is still sustained with the bounces becoming more isotropic in Fig.  3 . Furthermore we find (Fig. 4) that the peaks that were seen in the shear at the expansion minima of the model in the case without anisotropic stress, now with the inclusion of the negative anisotropic stress decrease in height over time. This seems to point to isotropy being achieved. It now remains to be seen if the chaotic behaviour that is an attractor in the Bianchi IX universe is also suppressed.
g. Effect on Mixmaster chaos The onset of chaotic behaviour in the Mixmaster system has been studied analytically, for example in [15] and numerically in [14, 37] among others. By chaotic behaviour we mean that for a set of initial conditions chosen at random, the solutions begin to populate the phase space during the course of the evolution. The Principal Lyapunov exponent measures the rate at which the solution trajectories begin to diverge from the initial sub-manifold. A positive Principal Lyapunov index would mean that the trajectories are diverging away exponentially from the initial phase space volume or the onset of chaos and vice versa for a negative index. We choose initial conditions containing some initial expansion as well as 3-curvature anisotropy, but with this being small enough to resemble the isotropic Friedmann universe very closely. We then evaluate the Principal Lyapunov index numerically and plot its time evolution in Figure 5 . We find that the Mixmaster chaos is completely mitigated as the Principal Lyapunov index is negative and of the order of −2. It is interesting to note that this happens even without the inclusion of a stiff fluid as observed in [8] or a super stiff field as shown in [14] . This is caused by the reduction in shear by the inclusion of the negative anisotropic stress as well as by the non linear term in eq. (1): at energies close enough to ρ C this term dominates and acts like an effective super stiff fluid.
h. Estimation of the energy scale ρ C and size of the universe through the radiation dominated bounce We note that in [10] an isotropic Universe sourced by a non-linear equation of state similar to the one used here was used to fit the supernovae 1a data from the Joint Light Curve analysis (JLA), finding ρ C ∼ 600GeV, which is much lower than the energy scale at the end of inflation.
In units where the curvature parameter is 1, ρ C appears as a multiplicative constant in the Einstein's field equations for the non-derivative terms of the Ricci tensor. The effect of increasing the value of ρ C is to simply increasing the time period of the oscillations, and hence the amplification factor of the volume of the universe. This can be understood from the approximate solutions obtained for a radiation fluid in an axisymmetric Bianchi IX universe in [4, 17] . Per oscillation,
where V max and V min are the maximum and minimum volumes of the universe. Here the value of the scale factor at the maxima of the bounce is taken to be ∼ 1 in units of ρ C . For values of ρ C ∼ 10 11 eV, considerable amplification of the volume(∼ 10 33 times from the beginning of the radiation era to matter-radiation equality) of the Universe takes place over the course of the expansion of one cycle.
i. Conclusion In this work, we have studied the Bianchi IX Universe sourced by a non linear equation of state fluid. We find that by choosing certain parameter values of the equation of state parameter, we can produce a series of non-singular bounces. These bounces and the subsequent cycles are reminiscent of the Mixmaster oscillations which are known to be chaotic in cases when the Universe is sourced by fields obeying the strong energy condition(SEC) -see [18] for an example of a chaotic bouncing cosmology. In our example, the field obeys the SEC at low energies but at energies close to ρ C the nonlinear terms that drive the bounce become important. If this energy scale ρ C is smaller than the Planck scale the evolution is purely classical and no quantum gravity corrections are needed.
We go a step further to propose a novel mechanism of isotropising the anisotropic closed Bianchi IX Universe by introducing negative anisotropic stresses. The effect is isotropisation as well as the mitigation of the wellknown Mixmaster chaos. This mechanism does not take recourse to the use of a super-stiff fluid reminiscent of the ekpyrosis scenario [23, 36] .
The net result of introducing the non-linear equation of state (1) together with a negative anisotropic stress is that we obtain Bianchi IX cycling Universe models that go through bounces followed by expansion and re-contraction, while remaining close to a FLRW closed model. Thus these models, the most general homogeneous solutions of Einstein equations, should satisfy observational constrains [31] [32] [33] , specifically those on anisotropy [34] .
For simplicity, we have used a single fluid i.e. one that is radiation at low energies, to demonstrate the mechanism of the bounce and isotropisation. However our results generalise easily to the inclusion of more matter components, in particular a standard pressureless matter (giving a matter-dominated era) and dark energy, which are both subdominant to radiation, hence negligible one the evolution gets close to a bounce. In future work, we will include such a standard matter component and we will investigate the effects of various dark energy scenarios on the type of cosmological models considered here. Another crucial question that remains open is how to produce a spectrum of realistic perturbations in our model as is done for example in inflation so as to match observational constraints.
